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ABSTRACT 
A f i n i t e - v o l u m e  lower-upper (LU) i m p l i c i t  scheme 
i s  used t o  s i m u l a t e  an i n v i s c i d  f l o w  i n  a t u r b i n e  cas- 
cade. T h i s  approx imate  f a c t o r i z a t i o n  scheme r e q u i r e s  
o n l y  t h e  i n v e r s i o n  o f  sparse  lower  and upper t r i a n g u l a r  
m a t r i c e s ,  wh ich  can be done e f f i c i e n t l y  w i t h o u t  ex ten-  
s i v e  s t o r a g e .  A s  an i m p l i c i t  scheme i t  a l l o w s  a l a r g e  
t i m e  s t e p  t o  reach  t h e  s teady  s t a t e .  An i n t e r a c t i v e  
g r i d  g e n e r a t i o n  program (TURBO), which i s  b e i n g  deve- 
l oped ,  i s  used t o  genera te  g r i d s .  Th is  program uses 
t h e  c o n t r o l  p o i n t  f o r m  o f  a l g e b r a i c  g r i d  g e n e r a t i o n  
wh ich  uses a sparse  c o l l e c t i o n  o f  c o n t r o l  p o i n t s  from 
which  t h e  shape and p o s i t i o n  o f  c o o r d i n a t e  curves  can 
be a d j u s t e d .  A d i s t i n c t  advantage o f  TURBO compared 
w i t h  o t h e r  g r i d  g e n e r a t i o n  programs i s  t h a t  i t  a l l o w s  
t h e  easy change o f  l o c a l  mesh s t r u c t u r e  w i t h o u t  
a f f e c t i n g  t h e  g r i d  o u t s i d e  t h e  domain o f  dependence. 
Sample g r i d s  a r e  genera ted  b y  TURBO f o r  a compressor 
r o t o r  b l a d e  and a t u r b i n e  cascade. The t u r b i n e  cascade 
flow i s  s i m u l a t e d  by u s i n g  t h e  LU i m p l i c i t  scheme on 
t h e  g r i d  genera ted  by  TURBO. 
NOMENCLATURE 
A,B Jacob ian  m a t r i c e s  
Ci  j a c o n t r o l  p o i n t  
D d i f f e r e n c e  o p e r a t o r  
E j ( r )  c o n t r o l  p o i n t  cu rve  
e t o t a l  energy/volume 
F f l u x  v e c t o r  i n  t h e  x - d i r e c t i o n  
F i ( t )  c o n t r o l  p o i n t  cu rve  
f f l u x  v e c t o r  i n  6 - d i r e c t i o n  
G f l u x  v e c t o r  i n  y - d i r e c t i o n  
Ga i n t e g r a t e d  i n t e r p o l a t i o n  f u n c t i o n  
Cal  i f o r n i a  94035 
f l u x  v e c t o r  i n  q - d i r e c t i o n  
i n t e g r a t e d  i n t e r p o l a t i o n  f u n c t i o n  
Jacob ian  o f  c o o r d i n a t e  t r a n s f o r m a t i o n  
number o f  c o n t r o l  p o i n t s  i n  [ - d i r e c t i o n  
number o f  c o n t r o l  p o i n t s  i n  q - d i r e c t i o n  
p o s i t i o n  v e c t o r  
s t a t i c  p ressu re  
t o t a l  p ressu re  
Boolean sum t r a n s f o r m a t i o n  
r e s i d u a l  
cu rve  parameter i za t i on 
s p e c t r a l  r a d i i  
t e n s o r  p roduc t  t r a n s f o r m a t i o n  
t ranspose  o f  m a t r i x  
cu rve  p a r a m e t r i z a t i o n  
c o n t r a v a r i  a n t  v e l o c i  t i e s  
C a r t e s i a n  v e l o c i t i e s  i n  x -  and y - d i r e c t i o n s  
v e c t o r  o f  f l o w  v a r i a b l e s  
C a r t e s i a n  c o o r d i n a t e s  
o n - o f f  boundary s w i t c h  
numer c a l  parameter between 0 and 1 
r a t i o  o f  s p e c i f i c  hea t  
6 . Q  t rans formed c o o r d i n a t e  system 
x e igenva lues  o f  Jacob ian  m a t r i c e s  
P d e n s i t y  
T t i m e  
c i n t e r p o l a t i o n  f u n c t i o n  
INTRODUCTION 
An u n c o n d i t i o n a l l y  s t a b l e  i m p l i c i t  scheme t h a t  
has e r r o r  te rms,  a t  most,  o f  the  o r d e r  i n  any 
number o f  space dimensions can be d e r i v e d  by lower -  
upper  (LU) f a c t o r i z a t i o n  (Jameson and T u r k e l ,  1981).  
S p l i t t i n g  ensures t h e  d iagona l  dominance o f  lower and 
upper f a c t o r s  acd makes use o f  t h e  b u i l t - i n  i m p l i c i t  
d i s s i p a t i o n .  The LU i m p l i c i t  scheme r e q u i r e s  o n l y  t h e  
i n v e r s i o n  o f  sparse  t r i a n g u l a r  m a t r i c e s ,  wh ich  can be 
done e f f i c i e n t l y  w i t h o u t  u s i n g  e x t e n s i v e  s to rage .  
i m p l i c i t  scheme i t  a l l o w s  a l a r g e  t ime  s t e p  t o  reach  
t h e  s teady  s t a t e .  Th is  approx imate  f a c t o r i z a t i o n  
scheme was demonst ra ted  t o  be r o b u s t  and e f f i c i e n t  i n  a 
b road  f low reg ime;  for  example, Jameson and Yoon (1987) 
f o r  t r a n s o n i c  flows and Yoon and Jameson (1986) f o r  a 
h i g h  speed i n l e t  f l o w .  These p rev ious  e f f o r t s  focused 
on i m p r o v i n g  e f f i c i e n c y  o f  t h e  LU i m p l i c i t  scheme by 
u s i n g  m u l t i p l e  g r i d s  w i t h  s imp le  i s o l a t e d  a i r f o i l s  and 
i n l e t  geomet r i es .  I n  t h e  work p resen ted  h e r e i n  the  LU 
scheme i s  a p p l i e d  t o  o b t a i n  t h e  s o l u t i o n  o f  t h e  i n v i s -  
c i d  compress ib le  flow i n  a t u r b i n e  cascade. T h i s  i s  a 
first s t e p  towards s i m u l a t i o n  o f  f l o w s  i n  tu rbomach inery  
t h a t  have more  complex phenomena. One such example 
c o u l d  be a f l o w  i n  a superson ic  th rough- f l ow  fan 
(Schmid t  e t  a l . ,  1987).  E v e n t u a l l y .  f o r  v i scous  CalCU- 
l a t i o n s  t h e  meshes w i l l  need t o  be v e r y  f i n e  t o  r e s o l v e  
t h e  boundary l a y e r .  And i t  i s  l i k e l y  t h a t  t h e  t ime  
s t e p  imposed by an e x p l i c i t  s t a b i l i t y  bound w i l l  be 
much l e s s  than t h a t  imposed by the  accuracy  bound of an 
i m p l i c i t  scheme. S ince  an obv ious  way t o  a c c e l e r a t e  
convergence t o  a s teady  s t a t e  i s  t o  i nc rease  t h e  s i z e  
o f  t h e  t i m e  s tep ,  an i m p l i c i t  scheme i s  expec ted  t o  
have a f a s t e r  convergence. A l though  t h e  a l t e r n a t i n g  
d i r e c t i o n  i m p l i c l t  ( A D I )  scheme has been v a l u a b l e  i n  
two-d imens iona l  problems (Beam and Warming, 1978).  i t s  
i n h e r e n t  l i m i t a t i o n s  i n  t h r e e  dimensions suggest an 
a l t e r n a t i v e  approach. 
s t r a i n e d  geomet r i c  r e g i o n s .  F ine  meshes a r e  needed to  
c a p t u r e  f l o w  phenomena where flow p r o p e r t i e s  change 
r a p i d l y  i n  seve ra l  subreg ions .  The o r t h o g o n a l i t y  
d e s i r e d  i n  h i g h l y  cambered b lades  c o n f l i c t s  w i t h  t h e  
p e r i o d i c i t y  c o n s t r a i n t s  t h a t  a r e  r e q u i r e d  by many flow 
s o l v e r s ;  t h e  need t o  c l u s t e r  t h e  g r i d  c o n f l i c t s  w i t h  
t h e  smoothness d e s i r e d .  Genera t i ng  g r i d s  f o r  turboma- 
c h i n e r y ,  t h e r e f o r e ,  r e q u i r e s  a s e n s i b l e  compromise 
between geomet r i c  c o n s t r a i n t s  and d e s i r e d  g r i d  s t r u c -  
t u r e .  One of  t h e  b e s t  approaches would be t o  genera te  
t h e  g r i d  i n t e r a c t i v e l y  by u s i n g  a method t h a t  a l l o w s  
easy l o c a l  c o n t r o l  ove r  t h e  g r i d  d i s t r i b u t i o n  (Choo 
e t  a l . ,  1988).  The c o n t r o l  p o i n t  f o r m  o f  a l g e b r a i c  
g r i d  g e n e r a t i o n  was f o r m u l a t e d  by Eiseman (1987) .  From 
t h e  c o n t r o l  p o i n t s  s p a r s e l y  d i s t r i b u t e d  o v e r  t h e  f l o w  
domain, t h e  shape and p o s i t i o n  o f  c o o r d i n a t e  curves  can 
be a d j u s t e d  w h i l e  t h e  g r i d  conforms p r e c i s e l y  t o  a l l  
boundar ies .  A s  an a l g e b r a i c  method, t h e  c o n t r o l  p o i n t  
form p r o v i d e s  e x p l i c i t  c o n t r o l  o f  g r i d  s t r u c t u r e  and 
r e q u i r e s  r e l a t i v e l y  f e w  computa t ions .  
ments o f  t h i s  method a re  the  m u l t i s u r f a c e  t r a n s f o r m a t i o n  
f o r  c o n t r o l  i n  a g i v e n  d i r e c t i o n  (Eiseman, 1982) and 
t h e  Boo lean sum o p e r a t i o n  for t h e  comb ina t ion  d i r e c -  
As an 
Flow passages i n  tu rbomach inery  a r e  h i g h l y  con- 
The b a s i c  e l e -  
t i o n s .  Eiseman (1987) demonst ra ted  how mesh s t r u c t u r e  
can be changed w i t h  c o n t r o l  p o i n t s  by u s i n g  s imp le  duc t -  
l i k e  geomet r i es .  The c o n t r o l  p o i n t  f o r m u l a t i o n  i s  used' 
h e r e i n  t o  genera te  g r i d s  f o r  tu rbomach inery  geometry.  
A menu-dr iven i n t e r a c t i v e  program c a l l e d  TURBO i s  
b e i n g  deve loped t o  genera te  w e l l - s t r u c t u r e d  g r i d s  for  
tu rbomach inery  f l o w  f i e l d  s i m u l a t i o n s .  
c o n t r o l  p o i n t  form ment ioned p r e v i o u s l y ,  TURBO can 
ach ieve  a ba lance between t h e  c o n s t r a i n t s  o f  t h e  tu rbo -  
mach inery  geometry and the  d e s i r e d  g r i d  s t r u c t u r e .  
A d i s t i n c t  advantage of TURBO compared w i t h  o t h e r  g r i d -  
g e n e r a t i o n  programs i s  t h a t  i t  a l l o w s  t h e  easy change 
of l o c a l  mesh s t r u c t u r e  w i t h o u t  a f f e c t i n g  t h e  g r i d  o u t -  
s i d e  t h e  domain o f  dependence. The boundary s u r f a c e  
can be e i t h e r  a f i x e d  form ( t r a n s f i n i t e )  or a f r e e  
form, wh ich  can be changed. Once t h e  g r i d  i s  improved, 
i t  can be c l o s e l y  examined by zooming, t r a n s l a t i n g ,  and 
r o t a t i n g .  F u r t h e r  improvement t o  t h e  g r i d  s t r u c t u r e  
can be made w i t h  t h i s  c l o s e r  v iew  o f  t h e  g r i d .  
gram, TURBO, i s  be ing  b u i l t  a round t h e  c o n t r o l  n e t  
wh ich  gu ides  t h e  c o o r d i n a t e  cu rves .  By choos ing  menus, 
TURBO now no rma l i zes  t h e  g r i d  near  t h e  vane or b lade  
su r face ,  p r o v i d e s  s lope  c o n t i n u i t y  across  t h e  p e r i o d i c  
boundary i n  C-type g r i d s ,  s t r e t c h e s  g r i d s  by s t r e t c h i n g  
t h e  c o n t r o l  p o i n t s  i n  r e a l  t i m e  w i t h  t h e  movement o f  
t h e  w o r k s t a t i o n  mouse, and s i m u l t a n e o u s l y  t r a n s l a t e s  
m u l t i p l e  c o n t r o l  p o i n t s  on a l i n e  i n  a manner s i m i l a r  
t o  p o i n t s  on  a rubber  band. These a re  some of t h e  fea -  
t u r e s  t h a t  p r o v i d e  convenience t o  use rs .  
s i m u l a t e  an i n v i s c i d  f l o w  i n  a t u r b i n e  cascade on a 
C - g r i d  genera ted  by TURBO. The g r i d  genera ted  f o r  t h i s  
f l ow  i s  normal t o  t h e  vane sur face  and has s l o p e  c o n t i -  
n u i t y  ac ross  t h e  p e r i o d i c  boundary.  For  t h i s  cambered 
b lade ,  t h e  rubberband ing  f e a t u r e  was used t o  reduce the  
g r i d  skewness on t h e  s u c t i o n  s i d e  of  t h e  vane. Com- 
pu ted  r e s u l t s  a r e  compared w i t h  t h e  exper imen ta l  d a t a  
o b t a i n e d  by Goldman and Seasholz (1982).  
For c l a r i t y  and completeness of  t h i s  paper ,  govern- 
i n g  equa t ions ,  t h e  LU approx imate  f a c t o r i z a t i o n  scheme, 
and t h e  c o n t r o l  p o i n t  f o r m u l a t i o n  a r e  b r i e f l y  p resen ted  
i n  t h e  f o l l o w i n g  s e c t i o n s ,  even though d e t a i l e d  d e r i v a -  
t i o n s  a r e  a v a i l a b l e  i n  t h e  re fe rences  c i t e d  above. 
GOVERNING EQUATIONS 
By u s i n g  the  
The p ro -  
The f i n i t e - v o l u m e  LU i m p l i c i t  scheme was used t o  
The c o n s e r v a t i v e  form of t h e  E u l e r  equa t ions  i n  
C a r t e s i a n  c o o r d i n a t e s  for two space dimensions i s  
a w + - + - = o  aF aG 
aT a x  ay ( 1 )  
where W i s  t h e  v e c t o r  of  dependent v a r i a b l e s  and F 
and G a r e  c o n v e c t i v e  f l u x  v e c t o r s  as f o l l o w s :  
T 
' r  
W = ( P ,  pu, pv ,  e )  
Tr 
+ p. puv ,  u (e  + p ) ]  2 F = [PU, pu 
(2a)  
(2b )  
( 2 c )  
where p ,  u ,  v,  e .  and p a r e  d e n s i t y ,  C a r t e s i a n  ve loc -  
i t y  components i n  t h e  x-  and y - d i r e c t i o n s ,  t o t a l  energy ,  
and p ressu re  r e s p e c t i v e l y .  The t o t a l  energy e i s  t he  
sum of t h e  i n t e r n a l  energy  and t h e  k i n e t i c  energy per  
Tr G = [pv, puv, pv2  + p, v ( e  + p ) ]  
2 
u n i t  volume o f  f l u i d .  The System Of Eqs. ( 1 )  and ( 2 )  H e r e ,  D~ and D, a r e  c e n t r a l  d i f f e r e n c e  o p e r a t o r s  
i s  s o l v e d  w i t h  t i m e  T fo r  t h e  p r i m a r y  unknowns, t h a t  approx imate  a /ag  and ala,. An LU f a c t o r i z a t i o n .  
( p ,  pu, pv ,  and e ) ,  and t h e  Pressure  i s  obtained subse- 
q u e n t l y  by t h e  e q u a t i o n  of s t a t e  as, scheme i s  i n t r o d u c e d  t o  approx imate  Eq. ( 7 )  as 
[I + OJ AT(D;A' + DiB+)] 
(3) 
L 
[I + OJ AT(D;A- + D'B-)] q 6W + AT R = 0 ( 8 )  
where y i s  t h e  r a t i o  o f  s p e c i f i c  hea ts .  Because o f  
t h e  c o n s t r a i n e d  f l o w  passage geometry o f  tu rbomach inery .  
a c o o r d i n a t e  t r a n s f o r m a t i o n ,  i s  performed i n  such a way where DE, and D- a r e  backward d i f f e r e n c e  o p e r a t o r s  
t h a t  t h e  t rans fo rmed  c o o r d i n a t e  c o i n c i d e s  w i t h  the flow and DE and 0; 'are fo rward  d i f f e r e n c e  o p e r a t o r s .  b 
boundary.  W i th  
((x,y) and q = 
s i a n  components 
t h e  c o o r d i n a t e  t r a n s f o r m a t i o n ,  5 = 
,(x,y), t h e  v e c t o r  f o r m  o f  the  Car te -  
o f  E u l e r  equa t ions  i s  
H e r e ,  A + ,  A-, 6'. and 6- a r e  c o n s t r u c t e d  so t h a t  t h e  
e igenva lues  of  "+" m a t r i c e s  a r e  nonnegat ive  and those 
o f  "-" m a t r i c e s  a r e  n o n p o s i t i v e ,  t h a t  i s  
+ cyG)/J,  g = (qxF  + rl G)/J ,  and 
-Jx,. n,, = J X C  
Wi th  t h e  r e l a t i o n s  f X  = Jy 
and t h e  use oa'con- 
where f P (gxF 
J = SxQy - sy'lx. 
'IX - J Y ~ ,  Sy 
t r a v a r i a n t  veloci t i ; ; .  '6 = y,: - xqv 
V = - y ~ u  + xcv,  v e c t o r s  f and g i n  Eq. ( 4 )  a r e  
w r i t t e n  as 
and 
LOWER-UPPER IMPLICIT SCHEME 
To advance t h e  E u l e r  equa t ions  w i t h  t ime  we 
d i s c r e t i z e  Eq. ( 4 )  i n  t i m e  as 
( 6 )  
where 0 v a r i e s  between 0 and 1 .  For  13 = 0, Eq. (6) 
i s  a p u r e l y  e x p l i c i t  scheme, and f o r  D = 1 / 2 ,  a second 
o r d e r  accu racy  ho lds  i n  t i m e .  N o n l i n e a r  t e r m s  a t  t ime 
l e v e l  n + 1 a r e  l i n e a r i z e d  by  t h e  f o l l o w i n g  
approx ima t ions :  
n+ 1 n (8 = (9 + An6W, = (z)n + Bn6W 
where 6W = Wn+1 - Wn, and A and B a r e  Jacob ian  
m a t r i c e s  d e f i n e d  t o  be J-l a f / a W ,  and J - l  ag/aW, 
r e s p e c t i v e l y .  The t r u n c a t i o n  e r r o r  o f  t h e  above expres- 
s i o n  i s  o f  O ( A T ~ ) .  The l i n e a r i z e d  i m p l i c i t  scheme for  
Eq. (6) can be f o r m u l a t e d  as 
[I + 03 A-t(DgA + DqB)]6W + AT R = 0 (7) 
b 
where I i s  t h e  i d e n t i t y  m a t r i x  and R i s  t h e  s teady  
s t a t e  p a r t  o f  Eq. ( 4 )  g i v e n  as 
n n R = J (% a f  + p) = DFfn  + D,g 
rl 
B+ = (B + rBI). B- = (B - rBI) 
where 
Here XA and XB r e p r e s e n t  e igenva lues  o f  Jacob ian  
m a t r i c e s .  Equa t ion  ( 8 )  i s  i n v e r t e d  i n  two consecu t i ve  
s teps .  The LU i m p l i c i t  scheme r e q u i r e s  the  i n v e r s i o n  
of sparse  t r i a n g u l a r  m a t r i c e s ,  wh ich  can be done e f f i c i -  
e n t l y  w i t h o u t  u s i n g  e x t e n s i v e  s to rage .  Th is  scheme has 
o n l y  two f a c t o r s  i n  t h r e e  space d imens ions .  
To make t h e  c e n t r a l  d i f f e r e n c e  scheme (Eq. ( 8 ) )  
s t a b l e ,  an a r t i f i c i a l  d i s s i p a t i o n  te rm i n  t h e  f o u r t h  
o r d e r  d i f f e r e n c e  f o r m  i s  added e x p l i c i t l y  t o  R i n  
Eq. (8) for t h e  e n t i r e  f low r e g i o n .  For  t r a n s o n i c  o r  
s u p e r j o n i c  c a l c u l a t i o n ,  a d d i t i o n a l  d i s s i p a t i o n  needs t o  
be added i m p l i c i t l y  i n  t h e  ne ighborhood o f  shocks 
(Jameson, 1987).  I n  the  p r e s e n t  subson ic  case o n l y  the  
f o u r t h  o r d e r  e x p l i c i t  d i s s i p a t i o n  i s  employed. 
(1982) i s  f u l l y  subson ic .  To s i m u l a t e  t h i s  flow, t h e  
f a r - f i e l d  boundary c o n d i t i o n s  used f o r  an i s o l a t e d  
a i r f o i l  by Jameson and Yoon (1987) were r e p l a c e d  by 
in-and-out f l o w  boundary c o n d i t i o n s  and p e r i o d i c  
boundary on  t h e  s i d e s .  A t  t he  i n l e t  boundary,  t h r e e  
o u t  o f  f o u r  f l o w  v a r i a b l e s  were s p e c i f i e d  and t h e  
rema in ing  one was o b t a i n e d  as a s o l u t i o n  o f  t h e  f l o w .  
A t  t he  e x i t  boundary,  o n l y  one f low v a r i a b l e  was 
s p e c i f i e d .  I n  t h e  p resen t  work,  t he  d e n s i t y  p was 
a l l owed  t o  change w h i l e  o t h e r  v a r i a b l e s  were f i x e d  a t  
t h e  i n l e t  boundary .  A t  t h e  e x i t ,  o n l y  t h e  s t a t i c  
p ressu re  was s p e c i f i e d .  P e r i o d i c  boundary c o n d i t i o n  i s  
en fo rced  on t h e  s i d e s  because o f  t h e  cascade c o n f i g u r a -  
t i o n  o f  t h e  p r e s e n t  p rob lem.  
CONTROL P O I N T  FORMULATION 
The cascade flow measured by  Goldman and Seasholz 
The c o n t r o l  p o i n t  a r r a y  i s  a sparse g r i d - t y p e  
arrangement o f  l o c a t i o n s  i n  p h y s i c a l  space w i t h  an 
i ndex  for  each d i r e c t i o n .  I n  two dimensions i t  w i l l  be 
denoted by ( C i j ) .  A s  an a l g e b r a i c  method, t h e  c o n t r o l  
p o i n t  f o rm p r o v i d e s  e x p l i c i t  c o n t r o l  o f  t h e  p h y s i c a l  
g r i d  shape and spac ing  th rough  the  dynamic movement o f  
t h e  c o n t r o l  p o i n t s .  F i g u r e  1 shows an example o f  a 
two-dimensional  c o n t r o l  p o i n t  a r r a y .  
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A fundamental p a r t  o f  t h e  c o n t r o l  p o i n t  f o r m u l a t i o n  
i s  t he  c o n s t r u c t i o n  o f  cu rves .  Th is  c o n s t r u c t i o n  r e p r e -  
sen ts  a l g e b r a i c  c o o r d i n a t e  g e n e r a t i o n  i n  a s i n g l e  d i r e c -  
t i o n  where in  two oppos ing  boundar ies  a r e  connected  by 
t h e  newly  c r e a t e d  curves  (e .g . ,  t h e  cu rve  Ez(r) i n  
F i g .  1 ) .  W i th  t h e  r e s t r i c t i o n  t o  o n l y  a s i n g l e  cu rve ,  
t h e  oppos ing  boundar ies  a r e  each rep resen ted  by a p o i n t .  
The f i r s t  and l a s t  p o i n t s  l i e  on oppos ing  boundar ies  and 
a r e  t h e  f i x e d  end p o i n t s  o f  t h e  cu rve .  The rema in ing  
p o i n t s  a r e  i n  t h e  i n t e r i o r  o f  t h e  sequence and a r e  used 
t o  c o n t r o l  t h e  shape o f  t h e  cu rve .  To e n f o r c e  t h e  
success i ve  assumptions o f  t h e  d e s i r e d  d i r e c t i o n  i n  a 
smooth manner, a con t inuous  d i r e c t i o n  f i e l d  i s  o b t a i n e d  
by  i n t e r p o l a t i o n .  The independent  v a r i a b l e  f o r  t he  
i n t e r p o l a t i o n  i s  s i m p l y  t h e  cu rve  p a r a m e t e r i z a t i o n .  
A l t o g e t h e r ,  t h e  i n t e r p o l a t e d  r e s u l t  d e f i n e s  t h e  f i e l d  
o f  v e c t o r s  t h a t  a r e  tangen t  t o  t h e  d e s i r e d  cu rve  and 
i s  s i m p l y  s t a t e d  as an i n t e r p o l a t i o n  o f  t h e  f i rst  para- 
m e t r i c  d e r i v a t i v e s .  Thus a smooth f i r s t  d e r i v a t i v e  o f  
t h e  e n t i r e  cu rve  i s  de te rm ined .  The d e s i r e d  cu rve  i s  
then o b t a i n e d  by a p a r a m e t r i c  i n t e g r a t i o n .  
C l j ,  C2 j .  . . . ,  CMj, be the  g i v e n  sequence of 
M p o i n t s  i n  space ( e . g . ,  C12, C22, . . . ,  C52 f o r  
i n  F i g .  1 ) ;  l e t  r be t h e  cu rve  p a r a m e t e r l z a t l o n ;  l e t  
E j ( r )  be t h e  p o s i t i o n  a t  r a l o n g  t h e  d e s i r e d  Curve; 
l e t  rl. '2. . . . ,  fM-1 be t h e  success i ve  p a r a m e t r i c  
l o c a t i o n s  t o  i n t e r p o l a t e  t h e  d i r e c t i o n s  o f  (C2 j  - Clj), 
( ~ 3 j  - C2 ) ,  . . . ,  ( C M j  - CM,l j ) ;  and l e t  " 1 ,  "2, . . ., 
q~l-1 
s u c c e s s i v e l y  separa te  each d i r e c t i o n  by  assuming a non- 
z e r o  v a l u e  a t  t h e  a s s o c i a t e d  l o c a t i o n  w h i l e  v a n i s h i n g  
a t  t h e  rema in ing  l o c a t i o n s  f o r  i n t e r p o l a t i o n .  W i th  
t h i s  n o t a t i o n  the  d e s i r e d  cu rve  i s  g i v e n  by 
L e t  
j = 2 
be $he co r respond ing  I n t e r p o l a t i o n  f u n c t i o n s  wh ich  
N- 1 
E.(r) = C + Ga(r)[Ca+,,j - Caj] 
3 1 j  
a= 1 
j = 1 ,  2 ,  . . ., M (9) 
where 
G a ( r )  = qa(p)dp (10) S '1 
To a p p l y  t h e  method, t h e  i n t e r p o l a t i o n .  f u n c t i o n s  
must be chosen. W i th  l o c a l  f u n c t i o n s ,  t h e  a l t e r a t i o n  
o f  a c o n t r o l  p o i n t  r e s u l t s  i n  an a l t e r a t i o n  o f  t h e  
c o n s t r u c t e d  cu rve  t h a t  i s  r e s t r i c t e d  t o  a l o c a l  r e g i o n  
abou t  t h e  p o i n t .  The r e m a i n i n g  r e g i o n s  a r e  u n a l t e r e d .  
T h e r e f o r e  l o c a l  s e c t i o n s  can be man ipu la ted  i n  an Inde- 
pendent manner. The s i m p l e s t  l o c a l  i n t e r p o l a n t s  a r e  
t h e  p iecew ise  l i n e a r  f u n c t i o n s  t h a t  do  not v a n i s h  ove r ,  
a t  m o s t .  two i n t e r v a l s  d e f i n e d  by  rl < r 2  < ... < rM-1. 
To f u r t h e r  s i m p l i f y  t h e  form o f  t h e  m u l t i s u r f a c e  t r a n s -  
f o r m a t i o n ,  t h e  h e i g h t  o f  each i n t e r p o l a n t  s h a l l  be 
a d j u s t e d  so t h a t  each i n t e r p o l a n t  i n t e g r a t e s  t o  u n i t y .  
Then, t h e  e v a l u a t i o n  o f  t h e  t r a n s f o r m a t i o n  a t  rM-1 
w i l l  reduce t o  C M ~  by means of a t e l e s c o p i c  c o l l a p s e  
o f  te rms.  
t i o n  f u n c t i o n s  (Eiseman and Smith,  1980) i s  g i v e n  for  
An e x p l i c i t  f o r m  o f  t h e  no rma l i zed  i n t e r p o l a -  
a case w i t h  t h e  u n i f o r m  p a r t i t i o n  ( r k  = k 
2 ( 2  - r) for  1 i r 
0 f o r  2 i r 5 N -  
N - 1 )  
y , ( r )  = 
k = 1,2, ..., 
< 2  
( 1 1 )  
0 fo r  l $ r < k - l  
( r - k ) + l  fo r  k - l < r < k  
( k - r ) + l  for  k i r < k + l  
(12) 
0 for  k + l < r i N - l  
0 f o r  l t r < N - 2  
2 ( r - N + 2 )  f o r  N - 2 i r i N - I  
S i m i l a r l y ,  f o r  t he  i ndex  v a l u e  o f  i, a cu rve  can 
(13)  YN-l(') = 
be c o n s t r u c t e d  
i = 1 .  2 ,  .. 
where t i s  t h e  curve  p a r a m e t e r i z a t i o n  and 
t h e  i n t e g r a t i o n  of t h e  m u l t i s u r f a c e  i n t e r p o  
t e n s o r  p r o d u c t  form depends o n l y  upon 
g i v e n  by 
M- 1 
C i j  
. N  




or a l t e r n a t i v e l y  by 
N-1 
T ( r . t )  = F l ( t )  + G a ( t )  [F,+l(t) - Fa( t ) ]  
a= 1 
(14)  
) i s  
The 
S 
( 1 5 )  
(16)  
These two express ions  a r e  e q u i v a l e n t .  
p r o d u c t  matches E j  or F i  a t  t h e  e x t r e m i t i e s  o f  i 
and j .  
sponding d a t a  appear a t  t h e  e x t r e m i t i e s  o f  t h e  va lues  
for  r and t .  S ince  t h e  c o o r d i n a t e  t r a n s f o r m a t i o n s  
a r e  g e n e r a l l y  expressed i n  t h e  f o r m  o f  a v e c t o r  
fo r  the  d e s i r e d  p o s i t i o n s  o f  a l l  p o i n t s  i n  p h y s i c a l  
space, i t  i s  conven ien t  t o  express  t h e  boundary s p e c i f i -  
c a t i o n s  i n  terms o f  t h e  p o s i t i o n  v e c t o r .  Thus, t h e  
boundar ies  a r e  denoted by P ( 1 . t ) .  P ( N - l , t ) ,  P ( r . 1 ) .  
and P( r ,M- l ) .  To i n c l u d e  t h e  boundar ies ,  t h e  m u l t i s u r -  
f a c e  t r a n s f o r m a t i o n  i s  per fo rmed aga in  as above, b u t  now 
w i t h  the  a c t u a l  boundar ies  i n s e r t e d .  T h i s  r e s u l t s  i n  a 
m o d i f i c a t i o n  o f  T f o r  b o t h  t h e  r and t .  d i r e c t i o n s .  
I n  each such d i r e c t i o n a l  c o n s t r u c t i o n ,  t h e  a c t u a l  bound- 
a r i e s  appear as end c o n d i t i o n s  fo r  t h e  co r respond ing  
v a r i a b l e  whereas t h e  rema in ing  boundar ies  a r e  s o l e l y  
genera ted  by t h e  c o n t r o l  p o i n t s .  Thus, by s u b t r a c t i n g  
T from t h e  sum o f  b o t h  d i r e c t i o n a l  c o n s t r u c t i o n s .  t he  
a c t u a l  boundar ies  become end c o n d i t i o n s  for  each v a r i a -  
b l e .  T h i s  p rocess  f o l l o w s  a Boolean sum f o r m a t  and 
upon s i m p l i f i c a t i o n  becomes 
Q(r.t) = T ( r , t )  + al[l - G l ( r ) ] [ P ( l , t )  - Fl,(t)] 
The t e n s o r  
When boundar ies  a r e  t o  be s p e c i f i e d ,  t h e  c o r r e -  
P ( r , t )  
+ a G ( r ) [ P ( N - I . t )  - F N ( t ) ]  2 N-1 
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where each o f  t h e  f o u r  terms f o l l o w i n g  t h e  t e n s o r  p rod-  
u c t  T ( r , t )  r e p r e s e n t s  a t r a n s f i n i t e  c o n f o r m i t y  t o  a 
boundary when each ai i s  1 .  By s e t t i n g  any ai t o  0, 
t h e  co r respond ing  boundary becomes a v a i  1 ab1 e f o r  
f r e e - f o r m  mode l i ng  by  means o f  t h e  c o n t r o l  p o i n t s .  
I n  t h e  o r d e r  l i s t e d ,  t h e  boundar ies  a r e  f o r  r = 1 ,  
r = N - 1 ,  t = 1 ,  and t = M - 1. F u r t h e r  d e t a i  1 s  a r e  
d i scussed  by Eiseman (1987).  
RESULTS 
The b a s i c  i n t e r a c t i v e  process  o f  TURBO i s  i l l u s -  
t r a t e d  w i t h  a s imp le  geometry i n  F i g .  2 .  I t  s t a r t s  
w i t h  c o n s t r u c t i o n  o f  a s imp le  c o n t r o l  n e t  and sur face  
g r i d .  An i n i t i a l  g r i d  i s  genera ted  and examined. If 
d e s i r e d ,  t h e  g r i d  s t r u c t u r e  can be improved th rough  t h e  
dynamic movement o f  t h e  c o n t r o l  p o i n t s .  I n  t h i s  example 
a c o n t r o l  p o i n t  was moved t o  o b t a i n  dense meshes i n  t h e  
m i d d l e  o f  t h e  f low r e g i o n .  
F i g u r e  3 shows an H - g r i d  genera ted  f o r  a cambered 
t u r b i n e  s t a t o r  vane. On ly  those  b a s i c  i n t e r a c t i v e  fea- 
t u r e s  i l l u s t r a t e d  i n  F i g .  2 were used i n  t h i s  example. 
F i g u r e  3 (a )  shows an i n i t i a l  c o n t r o l  n e t ;  F i g .  3 (b )  
shows an i n i t i a l  g r i d .  By s c r o l l i n g  g r a p h i c  images for 
one v iew  (comb ina t ion  v iew  o f  t h e  c o n t r o l  n e t  and g r i d )  
to ano the r  ( c o n t r o l  n e t  o n l y  o r  g r i d  only)  and by  
expand ing  t h e  g r a p h i c  image around a c e n t e r  of expan- 
s i o n ,  a u s e r  can c l o s e l y  examine the  g r i d  and de termine 
what m o d i f i c a t i o n  o f  t h e  c o n t r o l  n e t  i s  needed to  
improve t h e  g r i d  s t r u c t u r e .  The m o d i f i e d  c o n t r o l  n e t  
and g r i d  a r e  shown i n  F i g .  3 p a r t s  ( c )  and ( d ) ,  respec-  
t i v e l y .  The m o d i f i e d  g r i d  has a dense ly  c l u s t e r e d  mesh 
around t h e  l e a d i n g  edge and a more n e a r l y  o r thogona l  
g r i d  nea r  t h e  vane su r faces .  
Many g r i d  g e n e r a t i o n  programs do n o t  a l l o w  l o c a l  
mesh c o n t r o l  as TURBO does. For t h e  TURBO program t h e  
i n i t i a l  g r i d  may be genera ted  by any program f a m i l i a r  
t o  a use r ;  t h e n  an i n i t i a l  c o n t r o l  n e t  may be o b t a i n e d  
from t h e  g r i d  by a t tachment  t o  e s s e n t i a l l y  reproduce 
t h e  g r i d  s t r u c t u r e .  The i n i t i a l  c o n t r o l  n e t  shown i n  
F i g .  4 (a)  was c r e a t e d  by a t tachmen t .  F i g u r e  4(b)  shows 
an initial g r i d  of a compressor r o t o r  b lade .  Once the  
c o n t r o l  n e t  i s  c rea ted ,  t h e  i n t e r a c t i v e  process  t o  be 
f o l l o w e d  i s  the  same as d e s c r i b e d  p r e v i o u s l y ;  t h e  
i n i t i a l  c o n t r o l  n e t  i s  m o d i f i e d  t o  t h e  one shown i n  
F i g .  4 ( c ) .  and a new g r i d  ( F i g .  4 (d ) )  i s  genera ted  from 
t h e  mod i f i ed  c o n t r o l .  A c l o s e r  v iew  o f  t h e  i n i t i a l  and 
improved g r i d  i s  p resen ted  i n  F i g .  5. The improved 
g r i d  i s  more o thogona l  and has s lope  c o n t i n u i ' t y  across  
t h e  p e r i o d i c  boundary.  The shape o f  t h e  c o n t r o l  n e t  
can e a s i l y  be changed by u s i n g  an i n t e r a c t i v e  process 
i l l u s t r a t e d  i n  F i g .  6 .  I n  p a r t  (a )  of t h e  f i g u r e ,  a 
use r  f i r s t  chooses a c o n t r o l  l i n e  t o  be changed and 
then  p i c k s  a h inge  p o i n t .  I n  p a r t  ( b ) ,  c o n t r o l  p o i n t  1 
i s  moved t o  p o i n t  2 by moving t h e  m u s e  o f  t h e  work- 
s t a t i o n .  P o i n t  1 '  a u t o m a t i c a l l y  moves t o  p o i n t  2 '  
w h i l e  m a i n t a i n i n g  a p i t c h  w i t h  t h e  p o i n t s  1 and 2,  
r e s p e c t i v e l y .  I n  p a r t  ( c ) ,  t h e  d e s i r e d  shape o f  the  
c o n t r o l  l i n e  i s  o b t a i n e d  by  choos ing  a menu c a l l e d  
" rubberband ing . "  
The f i n i t e - v o l u m e  LU i m p l i c i t  scheme was used t o  
s i m u l a t e  an i n v i s c i d  f l o w  i n  a t u r b i n e  cascade on the  
g r i d  shown i n  F i g .  7 .  P a r t  ( a )  o f  t h e  f i g u r e  shows t h e  
c o n t r o l  n e t  from which t h e  g r i d  shown i n  p a r t  ( b )  was 
genera ted .  P a r t  ( c )  i s  a c l o s e r  v iew o f  t h e  g r i d .  
T h i s  g r i d  i s  n e a r l y  o r thogona l  i n  t h e  v i c i n i t y  o f  the  
s o l i d  vane s u r f a c e  and has s lope  c o n t i n u i t y  across  the  
p e r i o d i c  boundary.  For t h i s  cambered vane, t h e  skewness 
o f  t h i s  s i n g l e  b l o c k  g r i d  was reduced t o  some degree by 
u s i n g  t h e  " rubberband ing"  f e a t u r e  and f r e e - f o r m  p e r i o d i c  
boundary. D e t a i l e d  s t a t o r  vane geometry,  cascade f l o w  
c o n d i t i o n s ,  l a s e r  anemometer su rvey  measurements, and 
vane su r face  s t a t i c  p ressu re  measurements a r e  p resen ted  
by Goldman and Seasholz (1982).  To o p e r a t e  t h e  cascade 
f a c i l i t y ,  ambien t  a i r  from t h e  t e s t  c e l l  was drawn 
th rough t h e  cascade and exhausted  i n t o  t h e  l a b o r a t o r y  
a l t i t u d e  exhaust  system. The t e s t  c o n d i t i o n s  i n  the  
cascade were s e t  by c o n t r o l l i n g  t h e  p ressu re  r a t i o  
across  t h e  vane row w i t h  two t h r o t t l e  v a l v e s  l o c a t e d  i n  
the exhaust  system. 
f r o m  t h e  t e s t  s e c t i o n ,  where t h e  f l o w  was assumed t o  be 
n e a r l y  c i r c u m f e r e n t i a l l y  u n i f o r m ,  was used t o  s e t  t h i s  
p ressu re  r a t i o .  
r a t i o  was m a i n t a i n e d  a t  a va lue  o f  0 .65 .  Th is  c o r r e -  
sponds t o  a s t a t i c -  t o  i n l e t - t o t a l - p r e s s u r e  r a t i o  o f  
0.687 a t  a 50-percent  span where a two-dimensional  
i n v i s c i d  compu ta t i on  was made. 
Core t u r b i n e  s t a t o r  vane geometry a t  t h e  mean sec- 
t i o n  i s  shown i n  F i g .  8 ( a ) .  A l s o  shown a r e  t h r e e  a x i a l  
l o c a t i o n s  where measured d a t a  a r e  compared w i t h  computed 
r e s u l t s .  I n  F i g .  8 ( b ) ,  l a s e r  measurements a r e  compared 
w i t h  compu ta t i on  a t  10.2, 50, and 90.1 p e r c e n t  o f  the  
a x i a l  chord  a t  t h e  50-percent  span. The computed c r i t i -  
c a l  v e l o c i t y  r a t i o s  ( V / V c r )  agree w e l l  w i t h  t h e  l a s e r  
measurements. 
t h e  b lade  s u r f a c e  measurement and computa t ion .  For t h i s  
comparison t h e  vane s u r f a c e  s t a t i c  p r e s s u r e  measurements 
a r e  used t o  o b t a i n  t h e  c r i t i c a l  v e l o c i t y  r a t i o s  by u s i n g  
t h e  f o l l o w i n g  r e l a t i o n :  
A hub s t a t i c  t a p  l o c a t e d  downstream 
The h u b - s t a t i c -  t o  i n l e t - t o t a l - p r e s s u r e  
F i g u r e  9 shows a good agreement between 
where p i s  s t a t i c  p ressu re  and p t  i s  t o t a l  p ressu re .  
A s t a t i c  p r e s s u r e  con tou r  p l o t  i s  p resen ted  i n  F i g .  10 
w i t h o u t  comparison. The p r e s s u r e  was no rma l i zed  by 
u s i n g  t h e  i n l e t  s t a t i c  p ressu re .  
CONCLUDING REMARKS 
The LU approx imate  f a c t o r i z a t i o n  scheme was demon- 
s t r a t e d  t o  be r o b u s t  and e f f i c i e n t  i n  t h e  t r a n s o n i c -  
f l o w  and v e r y  h i g h  Mach-number-flow reg imes.  I n  these 
p r e v i o u s  works,  t h e  main  i n t e r e s t  was i n  improv ing  t h e  
e f f i c i e n c y  of t h e  scheme and t h e r e f o r e  s i m p l e  i s o l a t e d  
a i r f o i l  and i n l e t  geomet r ies  were used. I n  t h e  work 
p resented ,  t h e  f i n i t e - v o l u m e  LU i m p l i c i t  scheme was 
a p p l i e d  t o  o b t a i n  t h e  s o l u t i o n  o f  t he  i n v i s c i d  f l o w  i n  
a t u r b i n e  cascade on a g r i d  genera ted  by TURBO. 
i s  a f i rst  s t e p  towards s i m u l a t i o n  o f  more complex 
f l o w s  i n  tu rbomach inery .  
TURBO i s  a menu-dr iven i n t e r a c t i v e  a l g e b r a i c  
g r i d  g e n e r a t i o n  program. 
c o n t r o l  n e t  wh ich  gu ides  t h e  c o o r d i n a t e  cu rves .  From 
t h e  c o n t r o l  p o i n t s  s p a r s e l y  d i s t r i b u t e d  o v e r  t h e  f l ow  
domain, TURBO can e a s i l y  mod i f y  t h e  g r i d  s t r u c t u r e  o f  a 
l o c a l  r e g i o n  ( a  domain o f  dependence) w i t h o u t  a f f e c t i n g  
t h e  g r i d  o u t s i d e  o f  i t .  
mach inery ,  t h e  c o n t r o l  p o i n t  f o r m u l a t i o n  i s  a v e r y  use- 
f u l  method because o f  t h i s  p r e c i s e  l o c a l  mesh c o n t r o l  
c a p a b i l i t y .  
t i o n s  w i t h  more memory and b e t t e r  l i n k i n g  t o  mainframe 
supercomputers,  i n t e r a c t i v e  g r i d  g e n e r a t i o n  by means o f  
t he  c o n t r o l  p o i n t  f o r m u l a t i o n  w i l l  become a more e f fec -  
t i v e  and u s e f u l  approach. 
Th is  
I t  i s  be ing  b u i l t  around t h e  
For  the  complex f l o w s  i n  t u r b o -  
Wi th  t h e  advent  o f  f a s t e r  g r a p h i c s  works ta-  
5 
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FIG. 1. - CONTROL NET - AN EXAMPLE IN TWO 
DIMENSIONS. 
6 
CONSTRUCT SIMPLE CONTROL NET: GENERATE COMPUTE AND EXAMINE I N I T I A L  GRID. 
SURFACE GR ID . n 
TRANSLATE CONTROL POINT (E.G., TO GET 
F I N E  MESHES I N  THE MIDDLE). 
SELECT CONTROL POINT TO MODIFY GRID. 
RE-COMPUTE. EXAMINE NEW GRID - ACCEPT REPEAT 
PROCESS. 
FIG. 2. - BASIC INTERACTIVE PROCESS. 
7 
( a )  INITIAL CONTROL NET. (b)  INITIAL GRID. 
( c )  MODIFIED CONTROL NET. ( d )  MODIFIED GRID, 
FIG. 3. - GRID GENERATION FOR A CAMBERED STATOR VANE. 
8 
( a )  INITIAL CONTROL NET 
( b )  INITIAL GRID. 
(C) MODIFIED CONTROL NET. 
( d )  MODIFIED GRID. 
FIG. 4. - GRID GENERATION FOR A COMPRESSOR BLADE. 
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( a )  INITIAL GRID. 
(b) MODIFIED GRID. 





LCONTROL LINE TO BE 
CHANGED 
( a )  SELECT CONTROL LINES AND HINGE POINTS. 
(b> TRANSLATE A CONTROL POINT FROM 1 TO 2. 
t c 1 USE "RUBBERBANDI NG" FEATURE. 
FIG. 6 .  - CONTROL LINE MODIFICATION BY MEANS OF AN 
INTERACTIVE FEATURE. 
11 
(a)  CONTROL NE1 
(b)  GRID. 
(c )  CLOSER VIEW. 
FIG. 7. - GRID GENERATION FOR A TURBINE 
CASCADE SIMULATION. 
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.- \ ’  \ r I  I 
---- SURVEY LOCATION AS 
PERCENT OF AXIAL CHORD 
0.12543 FT 
PITCH .-A SUCTION SURFAC~A 
AX I AL 0.13454 FT 
DIRECTION 
( a )  CORE TURBINE STATOR VANE GEOMETRY, SURVEY LOCATIONS. CIR- 
CUMFERENTIAL POSITION 0‘). 
DISTANCE FROM LEADING EDGE, 





‘Y \ I  
\i I I I I I L I1 











. 6  
.4 
. 2  
0 
0 MEASUREMENT 
A 1 (GOLDMAN AND 
SEASHOLTZ. 1982) 
- COMPUTATION - 
. 2  .4 .6 .8 1 .o 
NORMALIZED AXIAL DISTANCE, Z-ZLEICHORD 
FIG. 9. - LOADING DIAGRAM. 
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i 
INLET MACH 0.210 ALPHA 0.00 
PS/POIN ABS MIN 0.704 MAX 1.169 INC 0.034 
FIG. 10. - STATIC PRESSURE CONTOUR. 
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